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DUAL VARIATIONAL PROBLEMS FOR BOUNDARY FUNCTIONALS
OF THE LINEAR THEORY OF ELASTICITY"

V. la. TERESHCHENKO

Dual variational problem for use with the problem of minimization of the boundary
functionals of three-~dimensional theory of elasticity, is formulated using the
method of orthogonal expansions at the boundary of the region constructed in /1/.
Solutions of the initial and the dual prcoblem obtained yield the estimates for the
error of the approximate solutions of the boundary value problems of the theory of
elasticity.

1. In the linear theory of elasticity the Lagrange functional J (u)(defined on the field
of admissible displacements u) and the Castigliano functional I (0) (defined on the field of
admissible stresses ¢) are both dual functionals. This means that the relation

infy J (u) = supq 7 (o)
holds. The relation can be used to obtain two-sided estimates of the energy functional.Below
we show that the same result can be obtained for the boundary functionals of the theory of
elasticity, from the orthogonal expansions of the dual pair of the trace spaces W, */:(S) X
W, (§) (S is the boundary of a bounded region G C E,; occupied by the elastic medium) con-
structed in /1/

W2 (S) =P P®, W, (5)=P® PL (1.1)

Here W,*/:(S)C W' (S) is the space of traces of the displacement vectors ¢,(z) and z &G,
which are solutions of the problem

Agy=0in G (§de= 0), 1 (go) g =t (u¥) s (1.2)

P is the subspace of traces of the displacement vectors v’ (x) satisfying the boundary con-
dition on the fixed part of the surface §

P = {u" e W, (S) | v u'hys =0, Vu'= P}, PL = {tV (") e W~k (8) | (M @), u'y = 0, Vu'e P} (1.3)
PL = TP® (see /1/, lemmas 3—5).

In (1.2) and (1.3) A is a vector operator of the anisotropic theory of elasticity /2/
and u* (z) is an arbitrary displacement vector satisfying, in the region G, the equation of
the theory of elasticity Au* =K (K(z), z= 6 is the volume force vector) and the boundary
condition on the free part of the surface §. We shall write this vector in the form of a
sum uw* = u, + ¢, where u,(z) is the energy solution of the fundamental boundary value prob-
lem of the theory of elasticity /3/, ¢, is a solution of (1.2), ™) (u*) is the stress vector
acting on the plane of the surface § and u'(z) is the displacement vector satisfying the
condition Auw" =0 in G and the boundary condition on the free part of the surface S . For
such vectors u" and v" the Betti formula /1/ yields

§v'-t(V) () ds =2 )S W (v, u") G, §u".t(v) (") ds =2 § W (0", u") 4G >0 (1.4)

The right-hand side of the first equation of (1.4) is a symmetric bilinear form /2/, and the
right-hand side of the second equation represents the corresponding quadratic form positive
for the vectors u" satisfying the condition

§u"dG=0

[, h.s denotes a scalar product in the space W,*: (S). (.} is the ratioc of the duality on
W't (8) X W2 (S), Wy (§) is the Sobolev— Slobodetskii space and W, s (S) its dual, and T
is thi }sometry of W,*:(S) on W, (S) given, according to the Riesz theorem, by the rela-
tion /1
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vy, s = (¥, TW)y s=<(v", (")), Vv, u" =W (S) (1.3}
In addition we have /1/

i Tu" s = 1 @) fly s Koo [ U 50 29 > 0 (1.5

where (), 5 1is a scalar product in L, (S) and |+l s, |-l s are the norms in Wt (S) and
W, (S), respectively.

It was shown in /1/ that, using the orthogonal expansion (1.1}, we can construct an ener-
gy solution u, of e.g. the first problem of the theory of elasticity

Auy, =KinG,ugjs =0 (P = {0})

by using the projection ¢, of an arbitrary vector u* into the subspace P® followed by sub-
traction from the vector u*:u, =u* — ¢, SO that 1w |s < P. In this manner the projection
9o P® minimizes the functional F,(u") = Ju* —w' |, s on u & P9 i.e.

infFo(u)= inf |u*—u'}, s=|u*—qof s
e p®

The existence follows from the second expansion of (1.1), and the theorem of orthogonal pro-
jection /2/ is used to show that the dual variational problem has a solution.

2, The variational problem for the functional F,(u") is equivalent to the variational
problem for the functional [u* — u” |V,5 — [u* [}, 5, since u* is a known element. Otherwise it
is equivalent, by virtue of the relation

tu* —u 1?':, - B I u* 13.’:. 3= l u 1:":. 8 2 [u®, “'1’7’:. 8
to the variational problem for the functional
F (ll") = [\l”, “”’1/,‘ s = 2 (ll*, U"]y,‘ B 'y e pe
which can be written, taking into account the relation (1.,5), in the form
F(u) = (0", Tu"), 5 — 2¢u", tO) (u*))
where (O (u*)e= W; ' (S) is a known element. The element @, P? (in the case of the first

fundamental problem of the theory of elasticity we have P® = W;”(§) /1/) minimizing the
functional F (v"), satisfies the condition

(T@o, us, s = (Tgp, uD = UM (*), w), Vu &Pe (2.1

and from this follows Tg, =t (u*) < PL
In what follows we shall need the following assertion which rephrases a known theorem (see

/4/, p.137) for the case of a linear, symmetric and positive operator L& (V~ V*) with an
inverse L' (V* = V) where V is a reflexive Banach space. The functiomal [ (v) = V,{Lv.»)
represents the potential of the operator L. the functional

pr(R) = f* (0) + HpCo®, LT, *(0) = — ] (L710) = Q (2.2)
is the potential of the operator L7!, and the following relations hold for any ve& V, v* & V%

Fy N —<o*r v 20 fE) LYy~ (Lo, =0 (2.3

Note. Since the operator T is an isometry of W3 (8) on W7,'(S) it follows that the
operator T™! is also an isometry of W;* (5) on W37 (S), therefore T-10 =0,

Theorem 1. Let ¢,W,!(G) be a generalized solution of the problem (1.2). Let this solu-
tion exist /3/ and let the relation
Pols = PO, 1) (go) + tO (u*) = 2T & P,
where P® and Pt are given by (1.3), hold /1/. Then, for the functionals
F (') == (", Tu')o, 5 — 2407, 60 (u¥)5, - D (469 (0)) o= — /g (19 () + 0 (u®), T (89 (") + 89 (@*Nho, 5
we have the following dual relations:

F (o) = mf@p(u')= sup DV )= (¥ (o))

wEP (801" 1 25

(since here the lower (upper) edge is reached, we can replace inf {syp) by min (max) ). According
to (2.2), a functional conjugate tc f(u")= 1/, (0", Tu"y, g, 18 given by

f* ANy = Y (4 @), T AN WMo, s
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Clearly, f*(0) = — f(T"10) = — f(0) =0 (see the note above).

Here and henceforth the duality ratio (,) becomes identical to the scalar product (, b, s
in the Hilbert space L, (S) of elements of Wy'(S) X W;” (8).

The expressions for the functionals F (u) and @ (tV {u")) yield

2F (@) — 20 (4 (@) = 4f () — & 0" W oty b AN [@7) 4+t ()
The first equation of (2.3} yields the inegquality
FUT) A A (@) 4 8 ) > <o, 1 @) St @ >V e Pe, W ) - 1 @M e P

and, taking it into account,we obtain

*: Nt £4I0) I\ Sy RS foumy A 1191 /.ﬁt

Y Lo v} 1 20" V) Zn™y L £1V) i
,"""éw‘(« g“;;(ug\ugw—':\u, A A\ * ¥

DY 2 AN A ivd -
& u /7T AV ¥ AotV A
(0", Tu), 5= - (@7 Tu')o, 5 — 3 ", 49 ()
Since we assume the positiveness of the functional F (u"}, it follows that
6 - ” " ”
] <0y 10 (@A) | 2] w0 () | (u", Tu')o, s
Then from (Z2.4) we obtain

FN—a@ma) >0, voelr?® el (2.5

Further we have
F (@o) — O (£ (tpo)) = 2f (o) ~ 2 { g, tV (u*}) 4 —;“ 1 {4 (o} 4 £ (u*)) == 2f (@) == 2 (o, tV (W*)> 4 (2.6)

14 (2Tq0) =2 (90) -+ 2% (Tg) 2 (or £ ("))

Since 1M {g,) s =1 @*) |z (see {1.2)) and (@ ¥¥ (o)) = (s TPyds using (2.3) we obtain from
(2.6}

F (g0) — @ (t9 (o)) = 2 (@) + 27* (T@a) —
which, together with the inequality (2.5), proves the theorem. We note that the duality rela-
tions were proved in the same manner in /4/.

B Mee o\ ..
« \2¥or Wor ™V

3. Let g,¢c W,'{G) denote the approximate value of the projection ¢, constructed
using the Ritz method and such, that

Imju* — @}, s={u*— ol s= inf Ffu"}, noo
weprd

Now we can show that /2/ the approximate solution wu, == u* — @, of the fundamental boundary
value problem of the theory of elasticity tends to its exact solution 1w, = u* — P, (here
u, — 4, = @, — @) in the metric of W* (§)
lim | Qo — @ bps = lim ;“ﬁ — iy i‘?‘x;Sﬁ = 0, R0
and. by virtue of (1.5) we alsc have
lim @n — Po ™ (@, — 'Po)) == lim By — Uy, W, (uo - “n)> = 01 - 00

From (1.6) it follows that

Hm {4 (@) ~ £ {@o) Jlory,, == Hm [} 4O (g e £ () o, s == 0,

F R

The relation {1.4) alsc implies the convergence

lim2 { VV(q;,,—lpo)delimZ(SW(uo—un)dGaO, s 00
G

2 5 W (@) dG

on the vectors ¢ < W' (G) satisfying the condition

§¢&G=a
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2§ W@ de> el ¢>0, l-ihe=Ilwie (3.1)

we also have the convergence
lim | @0 ~ @ 1, ¢ = lim | ug — u, [}, ¢ = 0, n - co

Next we consider the problem of estimating the error of approximate sclutions of the dual
variational problems formulated in Theorem 1 (see /2/).

Theorem 2. Let @, = W,! (G) (9, |s = P®, t¥ (¢,) = P+) be the arbitrary Ritz approxima-
tions for ¢,. Then the following error estimates hold:

fug —unfh e =l @ — @y lly, ¢ << A (Pn), JUo—Unlly, s==|Pn— o s, 8 < €10 (@n)
£ (00) — 69 (1) s, 5 = [ 409 (@) — ) (90) ', 5 < 2B (B0), (A (@) ={ - (F (@) — D (¢ (@] |}

The projection ¢, sought on which
inf |u*—u"}, ¢
vepd

is attained, is a generalized solution, belonging to W,!(G) of the problem (1.2) in the sense
/3/
2§W(¢m¢)d0—S‘P-t‘”’(u*)ds-—-o» Ve W' (G) (3.2)
3
which also minimizes the functional
F(¢)=2§W(¢)da—2§¢.t<v>(u*)ds on  pEWi(6), §(pd6==0
G

For the difference of the functionals we have

1
TF(%>-—;-F<%)=§W(%)da——swwo)dc —SS(m,.—%)w(u')ds
g
from which, assuming in (3.2) @ = @, — @, we obtain

T F @) = F @)= W (@)d0— [ W (0 d6—2 W (@0 9n — 90006 = { W (@) d6 — | W (@u) d6—
G

& G &

2\ W (90, gu) 46 + 2 { W (90)dG = { W (9 — q0) 46
G

G G
From this by virtue of (3.1) we obtain the ineguality

F (@) — F (®0) > ¢l @ — o,
Now, using the inequality F {g,) > @ (¥ (¢,)) which follows from the duality ratio of
Theorem 1, we obtain the estimate
” Prn — Po UI.G <A (‘Pn)

From the inequality of the theorem on traces on S of the functions belonging to W,' (G) in
the metric W, (S), we also obtain the estimate

| @n — @0 M s < 618 (Pn)y €4 > 0
and by virtue of (1.6) we have

| 49 (@n) — 4O (@) o, s < 28 (@), & >0

which proves the theorem.
Using the relation (see (2.1))
n
(T@n, Yado,s = <E (W), ba>, Vw € P2, (9= 3 aci)
which must be satisfied by the approximate solution ¢, of the problem on the minimum of the
functional F (u") and the relation ™ (g,) + t™ (u*) = 2T, (which is regarded as a duality
ratio on W, (S) x W,"/:(S)), the right-hand sides of the estimates obtained can be reduced to
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the form suitable for the computations
F(@n) — © (1 (@) = (T@n Pado, s — 2 (EV) (u*), @ + o (1) (@) + 1) (u¥), T2 (1) (@) + V) (u*)))y, 5 =
(T‘Pm (;'ﬂ)ﬂ, 5 2 <t(v) (u*)r tpn) + l/l (ZT‘Pm T-l (2T¢n))0. 8 =(T(pm ‘Pn)o, 5 2 (t(v) (“*)1 ¢ﬂ> + (T(Pm (pn>o, §=
2(Tqp Pulo, s — 2tV (u*), @) =2 g Pn (1Y) (@) — 1) (u*)j de

From this follows, in particular,

lim2 { galt (8 — 10 ()1 ds =2 § 9ot (G0}t (u9)) ds==0
Ti=bor, s

since (see (1.2)) 8 (@) |s = t™ (u¥)]s.
We note that following the method of determination of the scalar product [u’,v7,, g of
the elements w',v'e& W,/ (5) (see (1.5)), we can also find the scalar product of the elements
™ @n and tV (v from W, /*(§) in accordance with the Riesz theorem (see note)as follows:

(Y @), Y (v, s = Y @"), T ¢V (), s
with the corresponding norm
1t " l_",:, §= m(v) ", (“.)]_".‘:S)m
Then the problem of maximization max ® (t™ (") (") (u") ¢ pL) becomes equivalent to the problem of
minimization

max ®, (t (u")) = max [- —i— [£¥) () + V) @h 2, 5] =min 1/, [tV (") + MV (M) 2,

the solution of which is represented by the projection of the element t™ (u*) e iy (S) on P+
min Y, @)+ @) 2, 5 =Y, 1t @) + Y @) 2, 50 ¢V () & PL)
A different approach to the study of variational problems for convex functionals of the
theory of elasticity using the concepts of duality, was discussed by the author in /5/.
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